
 
Thespectrumoting

The functor spec lets us associate a geometric object
to each ring

Def let R be a ring let Speer denote the set of
prime ideals of R

We define a topology the tarski topology on Speck

as follows

For any subset I ER I P cSpeck IEP

Note VII V ideal gen by I so we can restrict our
definition to ideals

In fact by the previous section V I VCrad II

V I are the Icts of the Zariski topology

Note V o SpecR and V R

Chaim
a A VCI V I

b V I UV J V In J V IT



If a Pe NV Ix P2 UI Pew In

b IT EINJ so V IT Z VIA J

If P c VCI UV J then PII or J so PZI NJ
so V I UU J EV INT

Now suppose P2 IT but PDI i e there is

a c I but u P t ve J UV c P so ve P
Thus J E P I U V J IJ D

Note that a single point set P is closed iff Pis
maximal The subset of max l ideals is maxspec.LK

Geometrically these are the points we usually consider

Ex c Speckfx fix A f a polynomial
If k is algebraically closed these are in one to one

bijection w points on k and o

max spec RCH points of k

2 maxspec kCx y x a y b I a bek k bi
so the closed points are in bijection w k

The other points of spec correspond to curves
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More generally IAI Spee Kha x

Specasa functor

Spec is a contravariant functor from rings to topological
spaces

If 4 R S is a ring map then define

spec 4 spec 5 Spec R
P 4 P

This induced map is continuous i.e the preimage
of a closed set is closed



Chain If 4 R S is a ring map and I ER Then
Spec4 VCI V 4 II

PI P is in the LHS 4 P EV I 4 IE 4 P

4 I EP P is in the RHS D

Connectiontoquotientsand localizations

We already knowthat the prime ideals of PYI and
RCU are in correspondence w certain subsets of
spec R In fact

claim
F The map Spec MI Spec R is a homeomorphism

of spec RE w V I CSpec R

b The map Spec RCU Spec R is a

homeomorphism of Spec RCUD w YEspedR
where Y Plump _03

If SeeHW2

a homeomorphism is a continuous invertible map whose
inverse is also continuous


